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Abstract 

The purpose of this paper is to give some generalizations, in the context of Banach mani- 
folds, of Sussmann's results about the orbits of families of vector fields ( [Su) l. Essentially, we 
define the notion of "^-orbits" for any family of vector fields on a Banach manifold, and we 
prove, under appropriate assumptions, that such an orbit is a weak Banach submanifold. 
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1 Introduction 

Let X be a family of local vector fields on a finite dimensional manifold M. According to the context 
of [Suj . the orbit of X through x G M is the set of points 4>f k k o ■ ■ ■ o (p* 1 (x) where {Xi, ■ ■ ■ X^} is 
any finite family of vector fields in X and §f i is the flow of Xi, i = 1, • • • , k. One most important 
result of H. Sussmann in [Suj is that each such an orbit is an immersed submanifold of M. The 
proof of this result is founded on the two principal arguments 

(i) enlargement of X to the family X of vector fields of type (<frt p F °' ' " 0< ^t 1 1 )*(-^')i f° r appropriate 
finite sets {Xi, • • • , X p , X} C X and each orbit of X is also an orbit of X. 

(ii) the distribution T> generated by X is integrable and each maximal integral manifold of V is 
an orbit of X and so also is an orbit of X. 

As the dimension of M is finite, the fundamental argument for the proof of this last property is 
that T> is finite dimensional. 

For a generalization of such a result to Banach manifolds, we can enlarge any family X in the 
same way as (i), but in (ii), the argument of finite dimension of the distribution T> is, of course, no 
more valid. Naturally, we can hope that there exist some conditions under which analog arguments 
work for some "characteristic type" of families of (local) vector fields on Banach manifolds. So, 
given a set X of local vector fields on a Banach manifold M, after having enlarged A' to a family 
X of vector fields (in the same way as (i)), we can look for the orbits of X. It is natural to consider 
the set of points of type 

y = 4>tX ° ■ • ■ $1 ( x ) or y = j. 1 ™^ ^' o '"° ( x ) CO 

as an orbit through x for any finite or countable family {X^ , k G A} of vector fields in X. Note 
that, if we restrict us to finite sets A, the binary relation defined by 
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y ^ x if and only if y = <f> t n o • • • o § t _^ (x), 

is an equivalence relation. Moreover, in this case, there exists a piecewise smooth curve which joins 
x to y and whose each connected part is tangent to Xi or — X{ for some i = 1, • ■ • , n. 

Unfortunately, in the previous general case, the associated binary relation clearly associated 
to ([1]) is not any more a relation of equivalence. The .Y-orbit of x will be the set of such points y 
under some conditions so that the associated binary relation is an equivalence relation. 

Given a family £ C X(M), a £- piecewise smooth curve is a piecewise smooth curve 
7 : [a, b] —> M such that each smooth part is tangent to X or —X for some In the context 

of (TTJ), for such a point y, there exists a family jk ■ [0, Tfe] -> M of A"-piecewise smooth curves 
such that the sequences of ends Xk = 7fe(7fc) converge to y. When the sequence converges to 
some T e K we have a continuous curve 7 : [0,T] — > M such that 7(0) = x and 7(T) = y. For 
such a curve 7, there exists a countable partition t — (t a ) a£ A of [0, T] such that, the restriction 
of 7 to ]t a ,t a +i[ is an integral curve of X or —X, for some X G X. In particular the family 
(t q = i Q+ i — t a ) a £A belongs to Z 1 (N). Such a curve will be called a ^-curve of X. The precise 
definition of an orbit of X (see subsection [23]) is based on this notion of Z 1 -curve but for the family 
X . Of course, we need some sufficient conditions under which ^-curves exist. It is easy to see that 
condition of "local boundedness" is a natural necessary condition, but, for the local existence, we 
need more: the local boundedness of the s-jets of vector fields of X, for sufficiently large s > 
(see subsection I2.2[) . Under such assumptions, we can prove the existence of ^-curves which are 
the integral curves of a vector field of type (see Theorem [1}: 

Z(x,t,u) = ^ u a (t)X a (x) 

where: 

A is a finite, countable or eventually uncountable set of indexes; 

£ = {X a } a £A are defined on a same open set and their s-jets are locally uniformly bounded 
(see Definition 12. 3|) : 

u = (u a ) ae A is a bounded integrable map from some interval / to I (A). 

In fact, in this context, we get a flow ) of such a vector field Z. 

Let £ = {X a } a£ A be a set which satisfies a local boundedness condition for the s-jets for 
sufficiently large s > 0. The existence of ^-curves which are integral curves of some X £ £ (or 
— X) on any subinterval ]f Q ,£ a +i[ associated to a countable partition of an interval I is obtained 
by application of the previous result to u = T T = (r^) where T T a is the indicatrix function of 
}t a ,t a+ i[. Denote by ) the associated flow, given any x £ M, for T = ||(i Q +i — t a ) a& A\\i, 

t — > %1> x (t) = $f(T, x) is a map from a neighborhood of £ I 1 (A) into M such that ip x (0) = x 
and, of class C s ~ 2 , if the condition of local boundness of s-jets of elements of X, are satisfied (see 
Theorem 2). 

Recall that our purpose is to prove, under appropriate assumptions, that each A"-orbit is 
a (weak) submanifold of M as integral manifold of some distribution. According to the proof of 
Sussmann's result, we first enlarge X into the set X given by 

X = {Z = <f>*(vY), Y e X, $ = (j)f p p o ■ ■ ■ o (j,* 1 for X 1; ■ ■ ■ , X p 6 X and appropriate i/gl} 

(see subsection 13. ip . From this set X, we associate an appropriate pseudo-group Gx of local dif- 
feomorphisms, which is generated by flows of type <j)f with X £ X and diffeomorphisms of type 
^«(ll r llij •) (as we has seen previously) or its inverse for £ C X. From this pseudogroup we get 
a coherent and precise definition of an orbit of X or X orbit in short. Note that, under this 
definition, X and X have the same orbits, and moreover, if y is in the orbit of x, there is a I 1 
curve which joins x to y and whose smooth parts are tangent to vector fields of X. Note that the 
binary relation associated to Qx is then an equivalence relation. So, if y belongs to the <Y-orbit of 
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x, either we have a X- piecewise smooth curve which joins x to y or there exists a sequence 7^ of 
^-smooth piecewise curves whose origin is x (for all curves) and whose sequence of ends converges 
to y (see Proposition 13.41 for a complete description of a X orbit). 

On the other hand, for any x S M, under appropriate assumptions, we can associate the 
vector space T> x = ^ 1 (<Y) 2; which is the set of all absolutely summable families TyY(x). In 

fact, in the same way, we can also associate the vector space T> x — 1 1 {X) X generated by X. Of 
course V x C V x (see subsection 13. 3p and we endox these vector spaces with a natural structure of 
Banach space. So we get weak distributions V and T> on M such that T> is invariant by any flow 
of vector fields in X and which is "minimal" for such a property (see Remark l3.7[) . Now, we need 
some conditions on X which makes T> integrable. We will give two types of sufficient conditions. 

For the first one (called (H) in subsection 14.2)) . we assume that, for any x 6 M, the Banach 
structure on T> x is isomorphic to some I 1 (A) and there exists a family {X a } a ^A of vector fields 
defined around x, which are "locally uniformly bounded at order s" and such that {X a (x)} ae A 
is an unconditional symmetric basis of T> x . Under this assumption, T> is lower trivial (see sub- 
section [3TTJ) but we cannot prove directly that T> is XT- invariant; in particular, we cannot use 
directly Theorem 1 of [Pej. So we first prove that the map ip x , previously defined, gives rise 
to a local integral manifold of T> through x of class C s for s > 2. This leads us to prove that 
T> is XT -invariant and so we can now apply Theorem 1 of [Pej and we finally get a smooth inte- 
gral manifold of V. When V is closed, we then obtain that each ^-orbit has a structure of weak 
Banach manifold. Note that the assumption (H) is always satisfied when T> is finite dimensional 
(see Remark \4--3\ ). So this result can be seen as a generalization of the proof Sussmann used in [Sul. 

The second sufficient conditions (called (H') in subsection I4.3[) impose that V is "upper 
trivial" (see section l4~3l) and also some local involutivity conditions on X. Under these conditions, 
by using a result of integrability from [Pej . we can show that T> is integrable and, when T> is closed, 
each maximal integral manifold is a A-orbit (Theorem [5]). Moreover, if we consider the family X k 
defined by induction by: 

X 1 = X and X k = X k ~ l U {[X, Y], X G X, Y e X k ~ 1 } for k > 2 

we can associate, as previously, a weak distribution T> k = l 1 (X k ). When such a distribution 
satisfies the conditions (H') and is closed, we have V k = V and so we get another sufficient condi- 
tions under which each A'-orbit is a weak manifold modelled on some I 1 (A). For the case where X 
is a finite family of global vector fields we get a new proof of the result of accessibility in |Ro] (see 
Example 14. 5 [) . Moreover, when A" is a countable family of global vector fields, the reader can find 
an application of these results in |PS| . 

All these results can be naturally applied in the context of control theory on Banach mani- 
folds (Theorem [7] and Theorem [5]) . These last Theorems can be considered as a generalization of 
Sussmann's accessibility results of [Su] in finite dimension. 

The paper is organized as follows. In the next section, we study the problem of existence of 
^-curves. For any set X of vector fields which has the "local boundedness of the s-jets of vector 
fields", we give sufficient conditions for the existence of Z 1 -curves (Theorem 1) and we apply this 
result to get ^-curves tangent to X € X or —X, on each subinterval associated to a countable 
partition. We also construct the map ip x mentioned previously (Theorem 2). 
The notion of orbit of X or A-orbit, in short, is precisely defined in section 3. In the subsection l3.ll 
we construct the announced enlargement X of X, the associated pseudogroup Qx and we give a 
precise definition of a <Y-orbit. The following subsection is devoted to all definitions and properties 
of distributions which will be used later. 

Then the characteristic distributions V and V generated by X and X respectively, are defined 
in subsection 13.31 Finally, the main results of structure of weak Banach manifolds on A"-orbits are 
given and proved in section 4. In subsection 14.21 under conditions (H) the corresponding result 
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is given in Theorem 3. Under conditions (H'), the main results are given in Theorem 5. Sec- 
tion 5 is devoted to some applications: on one hand we obtain a new criterion of integrability of 
^-distributions in Theorem [5] (see Remark I5.1[) . On the other hand, we give general results on 
accessibility sets as applications of the previous results on ^-orbits (Theorem [7] and Theorem [5]) . 
The last section is devoted to the proof of Theorem 2. 

Acknowlegements. We would like to thank Professor Tilmann Wurzbacher for long and 
helpful discussions about integrability of distributions and for many useful remarks about some 
proofs in this work and also Professor Patrick Cabau for all his remarks and advices about this 
paper. 

2 On ^-integral curve of a uniformly locally bounded set of 
vector fields 

2.1 Problem of existence of ^-integral curve 

Let M be a smooth connected Banach manifold modelled on a Banach space E. A local vector 

field X on M is a smooth section of the tangent bundle TM defined on an open set of M 

(denoted by Dom(X)). Denote by X{M) the set of all local vector fields on M. Such a vector field 

X £ X(M) has a flow <pf which is defined on a maximal open set fix of 1 x M. 

In this whole work, A, B and A will denote a finite or a countable, eventually uncountable, ordered 

set of indexes. For such a countable set we shall often identify this one with N as ordered set of 

indexes. 

Consider a subset X of X(M). As we have seen in the introduction, a curve 7 : [a, b] — > M 
is called a ^-integral curve of X, if there exists a sequence t = (t a ) a& A, where A is a finite or 
countable set such that: 

— to = a and t a -\ < t a < b for oei; 

— t n = b if A is finite (A = {1, • • • n}) or lim t a — b (when A is countable) 

— the restriction of 7 to each subinterval ]t a — i,t a [ is an integral curve of X a or ~X a for some 
X a £ X. 

For such a curve 7, the point xq = 7(a) (resp. x\ = 7(6)) is called the origin (resp. the end) of 7 
and we say that xq is joined to x\ by a ^-integral curve of X . 

It is clear that for any finite set A = {0, ■ • • , n} any ^-integral curve is smooth by parts and, 
if we set t$ = a and r Q = t a — f a -i for a = 1 • • • , n, then there exist vector fields X\, ■ ■ ■ X n in X 
such that for a = 1, • • • n, we have: 

700 = tf-u-i fc 1 • ' • <fi? (7(a)) for s g [t a _i,f a [ and a = 1, • • • , n (2) 

Given a countable set A = N, and a ^-integral curve 7 of X, there exists a sequence of vector fields 
{X a , a £ A} in X such that (0) is true for all a £ A. In particular, we must have: 

lim <p? a " o.-.o 0^( 7 (o)) =b. (3) 

a— >oo 

We can cover such a curve by a finite number of charts (Vi, 4>i), i = 1, ■ ■ • r so that any 7(]i a _i, t a [) 
is contained in one domain Vi. Note that there exists one of these domains which contains all 
7(]£ a _i,f Q [) for a > ao for some czq £ N* and we can assume that V r has this property. Now, on 
each Vi, a norm || can be defined on each fiber T X M, for x £ V, by |u| = HT^^u)!! where 
|| is a norm on E. From (|3j) , for any a £ A, if j(]t a -i,t a {) C Vi, we must have 

sup{||X a (7(t))||^ ,£ e]*a_i,* a [} is finite 

On the other hand, consider any countable set A = N and any subset {X a , a £ A} of X 
such that Dom(X Q ) contains V and 

sup{||A Q (a:)||0 i , x £ V , a £ A} is finite 
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Let be t = (r a ) G l l (A) such that r a > for any a € A. Set £q = and t a = for a G A and 

T = lim t a . We set 7(0) = x E V. If the flow <f>f 1 (x) is defined for i > n , we set -y(t) = cf) Xl (t) for 

a— > 00 

t G [tojii]- By induction, suppose that we have defined 7 : [0,t a ] — > V such that 7 : [ti,ti + {\ — > V 
is defined by 7(f) = <t>t-ti{l{^i)) f° r all i = l---a. Then if the flow t Q+1 (7(i Q )) is defined for 
t > T a+ i then we put j(t) = 4>t-t^ (7 f° r * e [*aj*a+i]- So, when we can construct 7 at each 
step, we get a /^integral curve of X. Consequently, for the existence of ^-integral curve associated 
to a countable subset {X a , a G A} of vector fields of A", we have to produce sufficient conditions 
under which sequences of compositions 

o-.-o^ o...O(t>X\ 

converge when a — > 00 and the limit defines a local diffcomorphism. These conditions are 
assumptions of uniform local boundness on the jets of vector fields (see next subsection). 

Remark 2.1 

Consider a subset {X a a G A} of X with the previous assumptions and r = (r a ) G I (A). Recall 
that, for any local vector field X , for v ^ 0, we have (f>* (x) — <jj^ t (x), when the second member is 
defined. It follows that given any v > if a I 1 -integral curve 7 of {X a a G A} is defined on [0,T] 
as before, we can also define a ^-integral curve 7 of {^X ai a G A} in an obvious way on [0,^T] 
and we have j(t)) = 7(ft) for any t G [0,T]. 

2.2 Set of vector fields uniformly locally bounded at order s 

Let II : TM — 5- M be the tangent bundle of M, with typical fiber E. Local vector fields on M 
are local sections of this bundle. Given X G X(M), the s-order jet of X at x G M is denoted 
by J s {X)(x). The set J S (TM) of s-order jets of local vector fields on M is a Banach bundle 
IT : J S (TM) — > M of typical fiber E x C(E,E) x £ 2 (E, E) x • • • , xC s (E,E) where C k (E,E), 
2 < k < s is the Banach space of symmetric fc-linear maps from E k into E endowed with the usual 
norm (see for instance [G] or [VE]). The typical fiber E x C(E,E) x C 2 {E,E) x • • • , x£ s (E,E) 
of J S (TM) is a Banach space for the norm || || s which is the sum of the norm on E, the canonical 
norms on C(E, E) and on C k (E, E) for 2 < k < s. 

Consider a chart (V, 4>) on M centered at x. On V there exists a trivialization (<f>, $) of 
[IT] on 0(V) x J s (£;) where J s (£) —Ex C(E, E)x C 2 {E,E)x- ■ ■ , x£ s (£, £) is the typical 
fiber. On V, we have : 

Vy G V, $[J s (^)(y)] = J s (4>*X)(4>{y)) 
So, on [n s ]~ 1 (l / ), we have a norm || ||^ characterized by: 

||J s (X)(y)|| = ||J s (^X)(0(y))|| s 

Lemma 2.2 rfl^J 

Let V' be an open neighborhood of x having the same properties and (</>' , <f>')the associated trivial- 
ization. Denote by \\ J s (X)(y)\\ t j } i — \ \J S {(p' r X){(f)' {y))\\ s the associated norm on [IF] -1 ^'). Then 
there exists a neighborhood W C V (1 V of x and a constant C > such that 

VyEW, ||J*[Jf](y)||^<C||J'[X](y)m 

Definition 2.3 

Let X be a set of local vector fields on M . Given x G M , we say that X satisfies the condition 
(LB(s)) at x (Locally Bounded at order s), if there exist a chart (V x , <j>) centered at x and a constant 
k > such that: 

for any X G X , whose domain dom(X) contains V x , we have 

sup{||J s LY](<,)|| , X e X, y G V x ) < k. (4) 
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Remark 2.4 

It follows from Lemma \2.2\ that the property does not depend neither on the choice of the norm 
on E, nor on the choice of the chart. 

Examples 2.5 

(1) Let E and F be two Banach spaces and T : F — > E a continuous operator. Given any finite 
or countable subset {a a ,a G A} uniformly bounded of F (i.e. \\a a \\ < k for any a 6 A) the 
assignment x i— > X a (x) — x + T(a a ) is a vector field on E and {X a , a 6 ^4} satisfies the 
condition LB(s) at any x £ E and for any s£N*. 

(2) Let L(F,E) be the set of continuous operators between the Banach spaces F and E. Given a 
smooth map $ : E — >■ L(F, E), we denote by 3> x the continuous operator associated to x G E. 
By smoothness of for any x € E and s £ N*, we can find an open neighborhood U of 
x G E such that the jet of order s of $ is bounded on U (in the sense of Lemma \2.2\) . Then, 
for any finite or countable subset {a a , a G A} uniformly bounded of F, denote by X a the 
vector field on E defined by X a (x) = <fr x (a a ). The set {X a , a G A} satisfies the condition 
(LBs) at any x G E and for any s G N*. 

(3) Let X = {Xi, • • • , X n } be a finite family of (global) vector fields on a Banach manifold M . 
Then X satisfies the condition (LBs), for any s G N. 

2.3 Sufficient conditions for the existence of ^-integral curves 
Notations 2.6 

• B(x,r) (resp. Bf(x,r)) denotes the open (resp. closed) ball centered at x G E of radius r in the 
Banach space E. 

• Given any Banach space L, if f : M x E x L — > E is a smooth map, we denote by -D2/ (resp. 
D%f) the partial derivative relative to E (resp. L). 

• Let R A will be the set of families {u a ) a ^A of absolutely summable real numbers where A is 
countable or eventually uncountable set of indexes or the set of finite real sequences u — (ui, ■ ■ ■ u n ) 
if A = {!,■■■ , n}. We endow R A with the norm 

iMii = 

It is well known that (K' 4 , || ||i) is a Banach space. 

• Given any interval J in K we denote by L\(J) the set of functions u : J — > R A of class L 1 
which are bounded. On L\(J) we define 

- iMii = / y\ K(t)\dt= [ \\u(t)\\idt 

jj aeA j j 

- IMIoo = sup{^ t e J} = sup{\\u(t)\\x, t g J} 

Given a finite, countable or uncountable ordered set of indexes A, let 

£ = {X a , a G A, X a G X{M)} 

be a set of vector fields on M such that (^| Dom(X a ) contains an open set V of a chart (V, <fi) 

centered at x such that the condition (LB(s+2)) at x is satisfies for some s G N. After restricting 
V if necessary, we can suppose that there exist k > such that 

su P {||J s + 2 (X)(y)|U, leC, yeV}<k 
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Without loss of generality, we can suppose that V is an open set of the Banach space E. To 
the previous set of vector fields £, we can associate maps Z of type: 

Z : J x V x L\(J) — > E 

(t,x,u) i — > Z(t,x,u) — 2_. Uj{t)Xj(x) 

It is easy to see that this map Z is of class C s+1 relatively to the second variable. 

Given such a map Z, let J' be a subinterval of J and (to,x,u) G J' x V x L\(I). A map 
/ : J' — >■ V is an integral curve of Z, with initial condition /(to) = £ if 

Vie/', f(t) = x+ f Z{sJ(s),u)ds (5) 
■/to 

The following Theorem gives the existence of a local flow for Z: 
Theorem 1 

Consider a fixed u in L\{ J), andwesetc= ||w||oo- Let (to, xq, r, T', To) be an element of J xV xW + 3 
such that 

}t -T',t a +T'[C J and B f (x ,2r)cV 

Moreover denote by: 

I = [t - T Q , t Q + T ] and B Q = B(x ,r - kcT ) 
If To < min(-£-,T'), then there exists a flow $ u : Iq x Bq — > V, with the following properties: 

1. for all x in Bq, each curve $ u (., x) : Iq — > V is the unique integral curve of Z , with initial 
conditions <& u (t.Q,x) = x. 

2. for all t G Iq, there exists an open connected neighborhood Uq of Xq, contained in Bq such 
that the map <!>„(£, .) : Uq — > <fr u (t, Uq) is a C s -diffeomorphism. Moreover, if D 2 <fr u (t, •) and 
D^&uit) ■), denote the first and second derivative relative to the second variable, we have : 

VxeUo, D 2 $ u (t,x) = Id E + I D 2 Z(s,<5> u (s,x),u)oD 2 <5> u (s,x)ds 

Jo 

D%<f> u (t,x) = f {DlZ(s,<S> u (s,x),u)o(D 2 <S> u (s,x),D 2 <S> u (s,x))+ 
Jo 

D 2 Z(s, x),u) o D 2 <& u (s, x))ds 
This result is certainly well known for specialists. The reader can find a complete proof in 

EES- 

Let $ and \& be two local diffeomorphisms on M which are defined on the domains f2$ 
and Jl* respectively. When ^(O^) n il$ ^ 0, we can define the composition $ o which is a 
local diffeomorphism defined on [\l/(f2*) n f2$]. In this situation we will say that $ o ^ is well 
defined. More generally, we can consider any finite composition $„0'-'0$ 1 of local diffeomorphisms 
$i, • • • , $„ when successive compositions $j o ($j_i • • • o $i) are well defined for i = 2, • • ■ , n. So, 
for a finite set A = {1, . . . n}, and a finite set £ = {X a } ae A of vector fields with the associate flows 
{(ff°} ae At it is clear that, for r = (ti, • • • , r„), under appropriate assumptions, the composition 
</>f = <$ n ° • • • ° §tx i s defined. When A is a countable or eventually uncountable ordered set of 
indexes we have the following result: 
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Theorem 2 

Let £ = {X a } al£ A be a set of local vector fields such that Dom(X a ) contains V for all a G A. Let 
be Xq G V and r > such that Bf(xo,2r) is contained in V and we assume that £ satisfies the 
condition (LB(s+2)) at xq where the relation ^ is true for all y £ V and for the integer s + 2. 
Then, there exists an open connected neighborhood Uo of xq, such that: 

1. Fix any r = (T a ) a£ A € M. A with ||r||i < — . Let B be any countable subset of A which 

k 

contains all the indexes a such that r a ^ 0. Ldentifying the set B with N (as ordered sets), 
we denote by {r m , m G B} the associated subsequence of {r Q , a 6 A}. Then for any x G Uq 
we have: 

(a) 4>t( x ) — li m ° • •• l Ari' I ( a exists. 

(b) <f>r( x ) = ^ m 4>-t-, ° • • • ° i x ) exists. 

m—>oo m 

(c) The map 4>\ : x i — > <t>\{x) is & local C s -diffeomorphism whose inverse mapping is 
^ : x i — > 4^.{x). 

2. The map ^> x defined in the following way: 

^ x : B(0,y) — > V 
k 

t i — > # x (t) = 4>%{x) is of class C s . 
When the point x will be fixed we simply denote ^ instead of ^ x . 
The proof of this theorem is long and technical, so it will be given in section [5] 
Remark 2.7 

1. Denote by $| (resp. the flow given in Theorem^ associated to £ and u — T T (resp. 
u = T T ) (see section^). On the associated neighborhood U , we have 

$Ut,z)=$U\\T\U-tM(-\\T\\uZ)) 

4(z) = m\T\\i,z) 

fc{z) = \4\-\z) = ^(||r||i,z) = *$(-||r||i,z) 

2. In fact, both limits <f>%{x) and $*(x) do not depend on the choice of the set B but only depend 
on the countable set A T = {a G A such that T a ^ 0}. Moreover, the set A T is independent 
of x G Uq. 

3. To each t the associated set A T — {a G A such that T a ^ 0} can be written A T = {afc, k G N} 
or A T — {ctk ,k = l-- - ,n}. Consider the associated subdivision {t afc }feeN of the interval 
[0, T] defined by: 

i 

t = o<t 1 = \T ai \<---<t i = j2\T ak \<...<T= l T «l" 

fc=l a£A T 

Fix some x G Uq and let (xk)a k £A T be the sequence defined by: 
x Q = x, and for a k G A T , x k = fa"* (xk-i) = <j)%{xk-i)- 

Then the curve 7 : [0,T] — > M defined by -f(s) — <f> a °t ' (x^-i) = Q^(s,x) for s G [ifc-i,ifc[ 
is a l x -curve which joins x to (x). On the other hand, to 0| we can associate the curve 
7 : [0, T] — > M defined by ^(s) = j(T — s). So 7 joins 7(0) = (f>\ (x) to x. We also call such 
a curve, the I 1 -curve associated to 0|. 
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3 The orbits of X or Af-orbits 
3.1 Definition of an orbit of X 

In this section, we consider a fixed set X of vector fields on M with the following properties: 
(Hi) M = |J Dom(X) 

(Hii) there exists s > with the following property: for any i £ Af there exists a chart (V x ,4>) 
centered at x such that for the set X x of vector fields X G <Y whose Dom(X) contains a; we 
have 

sup{||J s+2 LY](iz:)|| , X G X} < oo. 
The announced enlargement X of A" is obtained from the following Lemma: 
Lemma 3.1 

Let (V x , 4>) be a chart centered at x and a constant k such that 

sup{\\J s+2 [X}(x)\\^ X e X} < k. 

Let X x be the set of local vector fields of type Y = (4>f p p o • • • o <f>^ )*(y.X), for any v > 0, where 
X\, ■ ■ ■ ,X p ,X belongs to X, whose domain contains x and such that 

\\J s+2 [Y](x)\U<k (6) 

We set 

x= y X x 

(i) X contains X and satisfies the conditions (Hi) and (Hii). 

(ii) Let X be the set of vector fields obtained from X in the same way as X from X . Then, we 
have X = X 



Remark 3.2 

According to Remark \2.1[ the flow of any vector field Y = (<p tp p o • • • o (j) ti 1 )^(i/.X) can be written 
€ = 4>% ° • • • ° <f-l v ° 4>r/u ° ° • • • ° K 1 ( 7 ) 



proof 

Let be x G M. For any X G X x , we have (<Pq)*X — X and, by construction, the vector fields in 
X x satisfies the condition (J6j) with the same constant k, so X x is contained in X x . If follows that 
X satisfies (Hi). The condition (Hii) follows from the definition of X x . 

By construction, X x is the set of vector fields Z = (0 tp p o • • -o (j) t ^ )^{v.Y) where Yi, • • • ,Y p ,Y 
belongs to X for some v > 0. As we have Y = ((j)f q q o ■ ■ ■ o (pf^ )*(i>'.X), from Remark 13.21 we get 

Z = (4>x™o...o<j>£)*(w'X) 

for appropriate vector fields X\, • • • , X m , X in X and appropriate real values si, • • • , s m . 

Now, on the considered chart (V x , cf>), we have 1 1 J s+2 [Y] (x) \ \ $ < k,X G X. So we also have 
|| J s+2 [Z](x)\\ < k. We conclude that Z belongs to X 
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Let Qx be the pseudogroup of local diffeomorphisms which are defined in the following 

way: 

^> = 4> n o ■ ■ ■ o <j) k o ■ ■ ■ o ipi when these compositions are well defined and 
where is a local diffeomorphism of one of the following type 

(i) 4>r k for some X € X and r fe 6 K 

(ii) (ffy or as defined in Theorem[5J where = {X a , a G A k } is a finite or countable 
subset of X and r fc G R Afc . 

Comments 3.3 

1. From ([?J) anj/ /Zow (fi^ for Y £ X belongs to Qx- 

2. Let be 4" = 4> n ° " ' ° 4>i G -By construction of ty, to each (f>k is associated a family 

= {X a , a G ^4^} which is a finite or countable subset of X and G R fc , we /iaue a reaZ 

n 

positive number H^felli < °o associated to \P. If <f>k is of type (ii), according to Remark 
fc=i 

|£. 7| 1., denote by i/ie flow associated to each £/- wii/i zt = r Tfc or u — T Tk if 4>k — <f& or 
4>k = [0tJ] _1 respectively. If (f>k is of type (i) is reduced to some Xk G <Y awrf we have 

$ k (t,y) = <t>? k (y). 

k 

Take any pair (x,y) G M 2 such that y — 9(x). We set to — and tk = /J \ \ T i\\i f or 

i=i 

k = 1, • • • ,n. Consider the sequence (xk) defined by xq — x and Xk = $k{i~k,Xk-i)- So for 
each k, we can consider the I 1 -curve ■ [ifc-i, tk] — > M defined by 7fc(t) = $fe(< — tk-i, Xk-i) 

n 

(see Remark \2. 7| 3.). By construction, we have 7(i&) = Xk and y = x n . So if T = H^fclli 

fe=i 

we get a sequence of l 1 -curve 7 = [0,T] — > M, defined by r Y\[t k _ 1: t k [ — Ik, such that 7(0) = x 
and 7(T) = y. 

3. Given a family £ C X(M), recall that a £- piecewise smooth curve is a piecewise smooth 
curve 7 : [a, b] — > M such that each smooth part is tangent to X or —X for some 

When y = 4% ( x ) f or Y £ X, from P?j, we can clearly associate a £- piecewise smooth curve 
which joins x to y. 

Now, consider any £ = {X a , a € ^4} C X and r small enough such that cf>^. is defined and 
consider y = (f>^.{x). If A = {1, • • ■ ,71} is finite, from the previous argument, there exists a 
family C X and an associate £„- piecewise smooth curve 7^ which joins x to y. On the 
other hand, if A is countable, to each k G A, we can associate a family £fc C X and a 
piecewise smooth curve j'k which joins x — xq to Xk (as defined in Remark \2.7\ 3.). So we 
get a sequence of X- piecewise smooth curves whose origin is xq (for all curves) and whose 
sequence of ends converges to y. Note that, for Theorem^ the same result is true for any 
pair (z,<frf(z)) for any z in some neighbourhood U of x we have 

<j)i(z) = lim (f> x ™ 0...0 (f> Xl (z) for any zeU (8) 
where £ = {Xk, k G A} C X and t = (tk)kGA- 

From to each finite sequence 4>—T m ■ ■ ■ fi—ri ( z )> we can associate a X- piecewise smooth 
curve 7^ which joins z to z m — 4> X ™ m o . . . o (j) Xl Ti (z). So given (fif, for any z G V we have 



10 



a family of X- piecewise smooth curves "f' m whose origin is z and whose sequence of ends 
converges to <fi\{z) 

Now, consider the case y — <j>%{x) — Again, from Theorem^ there exists some 

open neighbourhood U of x such that 4>\ is a local diffeomorphism on U of x and we have 

4>\{z) = lim (f> X L o . . . o (f>_jp (z) for any z G U (9) 
where £ = {Xk, k £ A} C X and r = (tk)ksA- 

Again from £?p to each finite sequence 4*—^ ° ■ • • ° § X - r r„S z )> we can associate a X- piecewise 
smooth curve 7^ which joins z to z m — <fK-\ o . . . o (2). So given cj)\, for any z G V 
we have a family of X- piecewise smooth curves j' m whose origin is z and whose sequence of 
ends converges to </>$(z). This is in particular true for the previous fixed pair (x, y). 

In the general case when y = $(x) for some $ G Qx, we have $ = <j) n o ■ • • o <j>\ G Qx- 
Set x\ — 4>\{x). From the previous partial results, either we have a X- piecewise smooth 
curve which joins x to x% or there exists a sequence jk of X- piecewise smooth curves whose 
origin is x (for all curves) and whose sequence of ends converges to x\. At first, assume that 
we are in the first case. Now, if we have a X- piecewise smooth curve which joins x to x\, 
applying the previous argument in x\ by concatenation, we get either a X- piecewise smooth 
curve which joint x to xi = (^2(^1) ° r w & 9 e t a sequence of a sequence of X- piecewise smooth 
curves whose origin is x (for all curves) and whose sequence of ends converges to Xi. If we 
are in the second case, where V is a neighborhood of x% on which (0) or is true. For k 
large enough, "fk(%i) belongs to V. So for each k, we have a family of X- piecewise smooth 
curves 7^ n ^ whose origin is Jk( x ) (f° r a ^ curves) and whose sequence of ends converges to 
(f>2('Jk(xk)) . As lim foilkixk)) — Xi, there exists an increasing sequence such that the 
sequence 7^ of the concatenations 7& with 7^ n * is a sequence of X- piecewise smooth curves 
whose origin is x (for all curves) and whose sequence of the ends converges to X2- By finite 
induction on k, we get the same result for the pair (x,y). 

To Qx is naturally associated the following equivalence relation on M: 

x = y if and only if there exists 4> G Qx such that = y 

An equivalence class is called a / 1 -orbit of X or a A'-orbit. 

The term "I -orbit" will be justified by the following result which sums up the previous commen- 
taries and Lemma |3. II part (ii): 

Proposition 3.4 

1. Each point of the X- orbit of x can be joined from x by a I 1 -curve whose each connected 
smooth part is tangent to Y or —Y for some Y G X . 

2. For each pair (x, y) in the same X-orbit, either we have a X -piecewise smooth curve which 
joins x to y or there exists a sequence 7^ of X- piecewise smooth curves whose origin is x 
(for all curves) and whose sequence of the ends converges to y. 

3. Let Q £ be the pseudogroup naturally associated to X . Then we have Q x = Qx- In particular 
each X-orbit is a X-orbit. 

3.2 Preliminaries on weak distributions 

Recall that, according to the proof of Sussmann's theorem on reachable sets in \Suf . we want to 
associate to X and X weak distributions T> and T> respectively, such that T> x C T> x for any x G M , 
T> is invariant by any flow of vector fields in X and which is minimal (in some sense) for these 
properties. 
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Before beginning this construction, we need to recall some definitions on weak distributions which 
will be used in the next subsection. 

• Given a finite or countable or eventually uncountable ordered set A of indexes, a family 
{e a , a G A} is said to be an unconditional basis of M. A if, for every r G K" 4 there is a unique 
family of scalars {r a ;a G A} such that r = r a e Q (unconditional convergence); such a basis 

is symmetric if for any sequence (ak) G A with A; G K C N, the basic sequence {r afc ,/c G if} is 
equivalent to the canonical basis of M. K (see for instance |LT ). It is well known that all uncondi- 
tional symmetric basis of M. A are equivalent to the canonical basis of R A . 

• A weak submanifold of M of class C p (resp. smooth) is a pair (N, f) of a connected 
Banach manifold N of class C p (resp. smooth) (modeled on a Banach space F) and a map 
/ : N ->• M of class C p (resp. smooth) such that: f[El).[Pe)') 

- there exists a continuous injective linear map i : F — > E between these two Banach spaces 

- / is injective and the tangent map T x f : T X N — >• Tf^M is injective for all x G N . 

Note that for a weak submanifold / : N — >■ M, on the subset /(AT) in M we have two 
topologies: 

- the induced topology from M; 

- the topology for which / is a homeomorphism from N to f(N). 

With this last topology, via /, we get a structure of Banach manifold modeled on F. Moreover, 
the inclusion from f(N) into M is continuous as a map from the Banach manifold f(N) to M. In 
particular, if U is an open set of M, then, f(N) n [7 is an open set for the topology of the Banach 
manifold on f(N). 

• According to [PeJ . a weak distribution on a M is an assignment D : i 4 T> x which, 
to every x G M, associates a vector subspace V x in T X M (not necessarily closed) endowed with 
a norm || || x such that (T> x , \ \ \\ x ) is a Banach space (denoted by T> x ) and such that the natural 
inclusion i x : T> x — > T X M is continuous. 

When T> x is closed, we have a natural Banach structure on T> x , induced by the Banach 
structure on T X M , and so we get the classical definition of a distribution; in this case we will say 
that V is closed. 

A vector field Z G X(M) is tangent to T>, if for all x G Dom(Z), Z(x) belongs to T> x . The set of 
local vector fields tangent to T> will be denoted by X-p. 

• We say that V is is generated by a subset X C X(M) if, for every x G M, the vector 
space T> x is the linear hull of the set {Y(x) , Y G X , x G Dom(y)}. 

For a weak distribution D, on M we have the following definitions: 

• V is lower (locally) trivial at x if there exists an open neighborhood V of x in M, a 
smooth map <I> : V x x V — > TM (called lower trivialization) such that : 

(i) <P{V X x {y}) G V y for each y G V 

(ii) for each y G V, & y = $( , y) : 2?a: — ► is a continuous operator and $a; : 2?^ — > T X M is 
the natural inclusion i x 

(iii) there exists a continuous operator $ y : T> x — > T> y such that i y o$> y = <fr y is an isomorphism 
from T> x onto ^^(Pa;) and is the identity of V x . 

We say that V is lower (locally) trivial if it is lower trivial at any x G M. 
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• V is called a l 1 - distribution if each Banach space T> x is isomorphic to M" 4 , for some ap- 
propriate finite, countable or eventually uncountable ordered set A of indexes (which depends of x). 

• an integral manifold of class C p , with p > 1, (resp. smooth) of T> through a; is a weak 
submanifold / : TV — > M of class C p (resp. smooth) such that there exists xo 6 N with f(xo) = x 
and T z f(T z N) = T>f{ z ) f° r a h z € N . An integral manifold through x € M is called maximal 
if, for any integral manifold g : L — > M through x, the set g{L) is an open submanifold of f(N), 
according to the structure of Banach manifold on f(N) induced by N via /. 

• T> is called integrable of class C p (resp. smooth) if for any x € M there exists an integral 
manifold N of class C p (resp. smooth) of T> through x. 

• if V is generated by X C X(M), then V is called X- invariant if for any X G X, the 
tangent map T x <f)f send onto V^x^ for all (t, x) S fix- 2? is invariant if I? is Xx>— invariant. 

3.3 Characteristic distribution associated to X 

Consider any set y of local vector fields such that, conditions (Hi) and (Hii) are satisfied. We 
denote by y x the set of vector fields Y £ y such that x belongs to Dom(y). The distribution I (y) 
defined by: 

l l {y) x = {X£ T X M such that X = t y Y(x) with \iy\ summable } 

is called the Z 1 -characteristic distribution generated by y. 

For x € M fixed, let A be any (ordered) set of indexes of same cardinal as y x so that each el- 
ement of y x can be indexed as Y\, AeA. We then have a surjective linear map: T : I 1 (A) — > T X M 

defined by T((ta)a £ a) = ^ t~\Y\(x) and whose range is l 1 {y) x . So we get a bijective continuous 

AeA 

map T from the quotient l 1 (A)/kerT onto l 1 (y) x - So we can put on Z 1 (3^) a; a structure of Banach 
space such that f is an isometry. Finally, ^(y) is a weak distribution. l 1 (y) x will always be 
equipped with this Banach structure. 

Remark 3.5 

1. For the the existence ofl l {y) x we only need that for all X € 34 

sup{||X(z)|| , X e X} < oo. 

So the condition (Hii) is much too strong in this way. However, independently of the existence 
of l 1 (y) x , in this paper, we need to consider the set y of local vector fields which satisfies 
condition (Hii). 

2. The Banach space l 1 (y) x is isomorphic to I (A) for some ordered set A if and only if, with 
the previous notations, kerT is complemented. In this case, A has the same cardinal as A 
(see VKof ). In particular, if the distribution ^(y) is upper trivial (see subsection ^. Sty , then 
I (y) x is isomorphic to some I (A) for any x € M. 

The characteristic distribution V associated to X is defined by: 

V x = l l {X x ) 

Note that, from assumptions (Hi) and (Hii), V x is well defined for any x G M. Moreover, the 
natural inclusion of T> x into T X M is continuous. 

In the same way, the characteristic distribution T> associated to X is defined by: 
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T X M is continuous. Moreover, as X x C X x , we have T> x C t> x for any x G M. The other relative 
properties of T> and T> are given in the following Proposition. 

Proposition 3.6 

1. T> is X -invariant and also X -invariant. 

2. Lety be any family of local vector fields which satisfies (Hi) and (Hii) and which contains X. 
If the associated distribution I (y) is X -invariant then l 1 (y) x contains T> x for any x G M. 
In particular, if T> is X-invariant, then T> = T>. 

3. Given x G M and assume that we have the following properties: 

(i) there exists a finite countable or eventually uncountable set A of indexes such that T> x 
is isomorphic to WL A 

(ii) there exists a chart domain V x centered at x and a family {X a ,a G ^4} G X x such that 
{X ai a 6j4} satisfies the condition (LB(s+2)) on V x , for some s > 0, and, {X a {x),a G 
A} is a symmetric unconditional basis of T) x = R A . 

Then, there exists a weak Banach manifold : B(0, p) — > M of class C s , which is an integral 
manifold of T> through x, where B(0,p) is the open ball in the Banach space R" 4 . Such a 
manifold will be called a slice centered at x. 

4- Let f : N — > M be a smooth connected integral manifold such that x G f{N). Assume that 
the hypothesis of part 3 are satisfied at x. Then, for p small enough , 0(5(0, p)) is contained 
in f(N) and f^ 1 (0(5(0, p))) is an open set in N. 

Remark 3.7 

Classically, a distribution on M is an assignment A : x <— > A x where A x is a vector subspace of 
T X M . As in \Suf . on the set of distributions, we can consider the partial order: 

A C A' if and only if A x C A' x for any x G M. 
So the result of Part 2 of Proposition Iff. 61 can be interpreted in the following way: 

The distribution T> — I (X) is minimal among all the I 1 - characteristic distribution ^(y), 
generated by the family of vector fields y which satisfies (Hi) and (Hii), contains X and which are 
X-invariant. 

Proof 
• Proof of part 1. 

We want to prove that T Z &[D Z ] = 2?<j>( z ) for any z GDom($) and for any flow $ of vector held of 



We hrst show that this is true for any flow 4>f where X £ X. Take any Z G X such that z 
belongs to Dom(Z) and set x = 4>f (z). There exists Y G X and a finite composition $ of flows of 
vector fields of X such that Z = $*(i/K) for some v > 0. So we have Z' = (4>^)^(Z) = ^{vX) 
where = ((j)* o But, there exists v' > such that v' Z belongs to X x , in particular Z'(x) 
belongs to T> x . As T> x is generated by {Y(x), Y G X x } we then have : 



As (4>f) 1 = (fi^t, by the same argument we get T x ((f)f) 1 [D X ] c T) z and from (TlCfl) we get 



X and X 



T z tf[v z ]cn 



(10) 



T z tf[T x (tf)- 1 [V x ]]=f>, 



T^x G T z (f>f [V z ] 
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Now, from ([7]) and the previous argument, we also have T z c/)J [D z ] — (z) f° r anv z SDom(i^f ) 
and for any flow (f( with Y G X. 

• Proof of part 2. 

Let be x G M and Z £ X such that x GDom(Z). As before, we have Z = &*(i/Y) for some finite 
composition of flows of vector fields of X and Y is a vector field of X and v > 0. 

Z(x) = Z($($~ 1 (x))) 

= r,-. (l) $( I /y(*- 1 (z))) 

As A is .Y-invariant we obtain that Z(x) belongs to A x and we get T> x C A x . In particular, if 
A = T>, it is obvious that T> x contains V Xl so we get an equality. 
This ends the proof of part 2. 

• Proof of part 3. 

In this proof we will use some notations and results proved in section [SJ In each case, we will 
mention the precise references of these notations and results. 

Let be x G M for which all assumptions in part 3 are satisfied. Denote by (V x ,<fi) the chart centered 
at x such that {X a , a G A} C Xy a Then, V x cDom(X„) for each a G A and we set 

k = sup{||J s+2 (A Q )(y)|| , a G A, y G V x }. 

Without loss of generality, we can assume that V x is an open subset V of the Banach space 
E = T X M and also that TM = V x E on V x . We choose r > such that B(x, 2r) is contained in 
V. For the sake of simplicity, we denote by 

{e Q = X a (x)} aeA 

the symmetric unconditional basis of T> x 

There exists an isomorphism T from T> x to M. A such that : T(e a ) = e a where {e Q }„g4 is 
the canonical basis of M. A . So we can choose p > such that the image by T of the open ball 
B(0,p) C V x is contained in B(0, £) C R A . 

Given any fixed w = t a e a G B(0,p), we set T(w) = r = (t q ) qGq . Of course, T(w) G 

S(0, r). By application of Theorem [TJ on V in the particular case where : 

^ = {X a } aG A , I — M. , u = T T (see section [61 subsection 16 . 1 [) . to = , T" is any real 
number, large enough, and T — ||r||i. 

We have already proved that : 

r r g Lb(K), with ||r T ||oc = i. 

r 

Let be Iq = [—To, To] and Bq = B(x,r — feTM. As To < — , there exists a flow $r T defined on 

k 

Jq x Bo. From Theorem [21 9 = 'I' 1 o T, is a map of class C s from B(0, p) C ^ with values in an 
open set of 2£ contained in V . We then have: 

6H = ¥"(t) = ^ (as) = §rr(||T||i,x) (11) 

The exact expression of ip x is given in section [6] 

It follows from Theorem 2 that is a map of class C s with s > from B(0,p) into V. We 
can consider D0 lu as a field on B(0,p) of operators from 2?^ = 1BL A into T X M = E. On the other 
hand, we have: 

De Q (e a ) = D^f 0) (T(e a )) 
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So DQq is an injective operator from T> x into T X M . 
Now from [Pej we have 

Lemma 3.8 

1. Consider two Banach spaces E\ and E% and i : E\ — » Ei an injective continuous operator. 
Let Q y be a continuous field of continuous operators of L(E\, E2) on an open neighbourhood 
V of x £ Ei such that Q x — i. Then there exists a neighbourhood W in V such that Q y is 
an injective operator on W . 

2. Let f : U — > V be a map of class C 1 from two open sets U and V in Banach spaces E\ and 
E2 respectively such that T u f is injective at u £ U . Then there exists an open neighbourhood 
W of u in U such that the restriction of f to W is injective. 

By applying this lemma, we conclude that, for p small enough, : B(0,p) — > V is a weak 
submanifold of class C s . 

It remains to show that DQ W (T> X ) = T>Q^ w y 

Given v = v a e a , we set a = T(v). From ([25)) (section [5]) , we have 
DO w (v) = DV%. H = A9*{t) o TI(t)(J2 o- a e a ) 

aeA 

On one hand, the map ^(r)(Y^ cr a e a ) = a a A*„((-r) a )[X i (4'^(r Q )] is a continuous 

held r 1— »• 1Z(t) of endomorphisms of T> x (see Lemma [678]) . As at r = 0, the operator 7^(0) is the 
identity of T> x , for p small enough, idkRo T(w) is a held of isomorphisms of T> x . 

On the other hand we have Q(w) — (j>j-i w \{x). As <Px(w) belongs to Qx, from part 1 of this 
Proposition, we have: D(t)^ w) (D x ) = ^ = Vq( w ). 

So we obtain the result required for p small enough. This ends the proof of part 3. 

• Proof of part 4- 

The point x £ M for which the assumptions of part 3 of the proposition is true will be fixed, and 
we suppose that TM is trivializable on the chart domain V (around x). We then have: 

Lemma 3.9 

Let {X a } al zA be a family of vector fields on U C V which satisfies the condition (LB(s+2)) on U 
and which is an unconditional symmetric basis ofT> x . 

1. There exists a morphism ^ : U x T> x — > TM which is a lower trivialization at x such that 
<S> y {X a (x)) = X a (y) for any a £ A. 

2. For any integral manifold f : N — > U of T> of class C s through x, there exists a family 
{Ya}a£A of vector fields on N defined on a neighbourhood of f (x) such f*Y a = X a and 
i] = {Y a } ae A satisfies the condition (LB(s+2)) at f~ l (x). 

Proof 

Consider ^ : T> x x U — > V defined in the following way: 
if w = ^ w ^a we set $(w, y) = ^ w a X a (y). 

aeA aeA 

As usual, we set ^ y = \E'( ,y). Denote by T> y the normed subspace defined by T> y from the 
structure of Banach space on T y M, and i y :V y ^r T y M the natural inclusion. 
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At first, as by definition, w a is absolutely summable, from the property LB(s + 2), it 

aeA 

follows that ^(w,y) £ T y M is well defined and ^ y is a continuous operator from T> x to V y such 
that \\^y\\ < K. We set ^ y = i y oty y . It is clear that the field y — > i y o ^>(y) is smooth. From 
this construction, it is easy to see that ^(w, y) — i y o $f y (w) is a lower trivialization at x such that 
$y(X a (x)) = X a (y) for any a £ A. 

Let / : N — > U be an integral manifold of T> through x of class C s . Then, N is a Ba- 
nach manifold modeled on the Banach space T> x . For any open neighborhood W of x the set 
W — f~ x {W) is an open neighborhood of x = f~ 1 (x). Without loss of generality, we may assume 
that N is an open set in T> x , with x = 0, and M is an open set in E = T X M. Modulo these identi- 
fications, / is the natural inclusion of N in M, that is the restriction to N of the natural inclusion 
i x : T> x — > T X M . In this context, on i(N) C M, y — > ^ y is a C s field of continuous linear operators 
from V x into i y {V y ) = i x (V x ) x {y} C E x {y} = T y M. From Lemma 2.10 in [Pe] y \-t ^> y is 
also a C s field of linear operators from V x into D y x {y} = i x (D x ) x {y} = T a A^. It follows that, 
for any a £ A, Y a (y) = ^(e Q ) is a C s vector field on N such that (i x )*Y a = f*Y a — X a . From the 
previous definition of Y a , it follows that r\ = {Y a } aG A satisfies the condition (LB(s+2)). A 

Now we come back to the proof of part 3. Consider an integral manifold / : N — > M of T> of 
class C s through x and suppose that the assumption of part 2 is satisfied at x. On N, the family 
rj = {Y a } ae A satisfies the condition (LB(s+2)) at x = f^ 1 {x). So for p small enough, given any 
t 6 £>(0, p) C R' 4 , we can apply Theorem[T]to the family rj and u = T T and Theorem[5]on N. We 
then get: 

• a C s flow $r r (*) ) oiZ = r^y„ (see section|5]) such that for any z in a small neighborhood 

aeA 

W of x we have 

where $r-(^, ) is the flow of Z — V" r^X Q . 

• on AT, the associated flow 4^{x) — <br^(T,x) and as in (fTTj) , the associated map 

Moreover, as TqQ is an isomorphism, so for p small enough, is a diffeomorphism from B(0,p) 
on a open neighborhood W of i in iV. On the other hand, from the previous construction, for p 
small enough, we have 6 = / o 9. It follows that f- 1 (Q(B(0, p)) = 6(5(0, p)) = W . This ends 
the proof of part 4- 

A 



4 Structure of weak submanifold on Af-orbits 

In this section, we will give sufficient conditions under which each A'-orbits has a structure of 
weak submanifold of M. The first one imposes some local conditions on the set X which leads to 
integrability of V (Theorem [3]) and can be seen as a generalization of Sussmann's arguments used 
in [Suj . The second one imposes that T> is upper trivial and also some local involutivity conditions 
on X, 

4.1 Structure of manifold and A'-orbits 

Now we will prove some results about integrable distributions which contain T> and A"-orbits. This 
result will be used in each two following subsections. 
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Consider any set y of local vector fields which contains X and satisfies conditions (Hi). 
Assume that there exists a weak distribution generated by y: for instance if y satisfies (Hii) then 
we can choose A = l x (y) (see subsection I3.3|) . Assume that A is integrable on M and for each 
x G M there exists a lower trivialization : F x V — > TM for some Banach space F (which 
depends of x) and some neighborhood V of x in M. Let N be the union of all integral manifolds 
ii, : L — > M through xq . Then iff : N — ► M is the maximal integral manifold of A through xq 
(see Lemma 2.14 [Pe] ) . 

For the clarity of the proof of results in this subsection, for any point z £ N , when N is 
equipped with the induced topology of M , we denote by z the same point of N but when N is 
equipped of its Banach manifold structure. 

Proposition 4.1 

As previously, let f = iff : N —± M be the maximal integral manifold of A through x. 

1. Let Z e X(M) be such that Dom(Z) n f(N) ^ and Z is tangent to A. Set V z = 
f~ 1 (Dom(Z) n f(N)). Then Vz is an open set in N and there exists a vector field Z on 
N such that Dom(Z) = Vz and f*Z = Zof. 

Moreover, if]a x ,b x [ is the maximal interval on which the integral curve 7 : IS 
defined in M, then the integral curve 7 : t — > 4> z (t,x) is also defined on ]a x ,b x [ and we have 

7 = / o 7 (12) 

2. Let £ = {Xp, f3 G B} C X C y be which satisfies the conditions (LB(s+2)) on a chart 
domain V centered at x G f(N) and consider <p> for some t G M. b as defined in Theorem^ 
and let 7 be the l x -curve on [0, | j t~x ] 1 1 ] associated to <j>% as in Remark \2.7\ Then there exists 
a I 1 -curve 7 : [0, ||t||i[— > N such that 

/07 = 7 on [0,\\r\\i[ (13) 

When A is a closed distribution, we extend 7 to [0, ||t||i] so that H3\) is true on [0, ||t||i]. 
Moreover, under this last assumption, to the local diffeomorphism consider the asso- 

ciated I 1 curve 7. Then the curve c(s) = 7(T — s) is a I 1 -curve which satisfies &13\) relatively 
to 7. 

Proof of Proposition^. 1\ 
• Proof of part 1 

Fix some Z G X(M) as in Lemma. As / (resp. Tyf for any y G N) is injective, there exists 
a field Z : y -> Z(y) G TyN such that 

Tyf[Z(y)} = Z(f(y)), for any y G V z = /-^omfZ) H f(N)} (14) 

It remains to show that the vector field Z is smooth on Vz- 

In fact, it is sufficient to prove this property on some neighborhood V of any point x G Vz- 
Note at first that from our assumption about the lower trivialization, we have A x = T X N = F. 
So F is independent of x G f(N). For any x G f(N) and an associated lower trivialization 
6 : R A x V -> TM we will always choose V such that TM\ V = E x V. Of course, f~ x {V) is an 
open neighborhood of x in N. We also always choose an open neighborhood V of x in / _1 (^) 
such that TN { y = F x V. 

We assert that the vector field Z is smooth on V. 

Indeed, from convenient analysis (see [KrMi] ) . recall that for a map g from an open set U in 
a Banach space E\ to a Banach space E2 we have the equivalent following properties: 
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(i) g is smooth; 



(ii) for any smooth curve c : R — > U the map 1 1— > g o c(i) is smooth; 

(iii) the map i H>< a, g o c(t) > is smooth for any a 6 £J| • 

Fix some y G Vz- As we have already seen, we can choose a neighborhood V of y G Vz such that 
TNi v = F x V. So, without loss of generality, we can suppose that V is an open set in F and V 

an open set in E and f = Tyf on V. For simplicity, let be 9 = T y f : TyN = F — > T y M = E where 
y = f(y) with our conventions. In these conditions, Z is a map from V to F and Z is a smooth 
map from V to £\ Note that, according to (TUT) , we have 

o Z(y) = Z o 

for any y <E V. Choose any For any smooth curve c : K. — > V", we then have: 

< w, Z o 9 o c >=< u, 9 o Z o c >=< 0*(o;), o c > 

As the adjoint 0* of is surjective, according to the previous argument of convenient analysis 
we conclude that Z is smooth on V. 

Now, if x — f(x), from the relation f*Z = Z o / we get : 

z (t, S ) =fo^(t,x) 

for any t for which (f> z (t,x) is defined. In particular, this relation exists for some interval 

] - £,£[. 

Given the maximal interval ]a x , b x [ as in the Lemma, choose any r € [0, b%[. For each t G [0, r] 
we have an integral manifold f t : L t —> M which is an integral manifold of A through <f> z (t, x). As 
<p z (t + s,x) = 4> z (t, <p z (s, x)), by the previous argument, there exists some sub-interval on which 
the curve s — > cf) Z (s,x) belongs to L t . If we set L T = U te m T ]Lt, by connexity argument, using 
Lemma 2.14 [Pej . it follows that : L T — > M is an integral manifold of A through x. But by 
construction L T is an open submanifold of N. It follows that (fl2|) is true on [0, b x [; the same 
arguments works for any r £]a x , 0]. This ends the proof of part 1. 

• Proof of part 2 

Now, let be some £ = {Xp, f3 s B} C X C y satisfying the required conditions. According 
to Theorem [2 we have a map ^> x from some neighborhood U of € R B into V of class C s . 
From part 1, on N, we have a family of smooth vector fields £ = {X^, /3 G £?} such that 
Dom(A r ( g) = y = for any /3 G B. Fix some r G U. According to Remark 12.71 and 

(|T4l . by induction, we can construct a curve % : [0, ||r||i[ such that 

/o7 T = $€(t,x) for any ie [0,||r||i[ (15) 

Suppose that A is closed. So A z is closed in T Z M for any z G A and it follows that the topology 
of N as weak manifold is nothing but the induced topology of M on N. The endpoint y — j(\ \r\ |i) 
belongs to So 7 : [0, ||r||i] — >• M defined by 7(s) = 7(||r||i — s) is an integral curve of the vector 
field 

Z = /Z u ' iX P 

where (up) —T T is associated to <j>%. 

On the other hand, we have an integral manifold %l '■ L — > M through y. We choose a neighborhood 
U C V of y such that we have TM\jj = Ux T y M. From our assumption, again, the topology of L 
as weak manifold is nothing but the induced topology of M on L. 
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From part 1, U = UDL = (i^)^ 1 ^ D L) is an open neighborhood of y — {ih)^ 1 {y) in L and 
we have a family £ = {Yg, (3 6 £?} such that (?l)*(Ys) = [^Ljj- 

From our notations we have TM\u = U x Tj,M and T y L is a Banach subspace of T y M . So for 
each z £ U we have an induced norm on the finite order jets of vector fields induced from ||.||0 on 
the finite jets of vector fields on U . As {Xp, (3 e B} satisfies the conditions (LB(s+2)) on V, and 
U C V, the family {Yg; /? S £?} will also satisfies the condition (LB(s+2)) on U. So by application 
of Theorem Q] on U to Z and the unicity of the integral curve through y we have obtained that 
7(1 Mil ~~ s ) = 7( s ) belongs to L for < s < e with e > small enough. We then have N C\L ^ 0. 
It follows that U is an open set of N and in particular y belongs to N and we can extend 7 to 

[0,11th!] 

For the last part, the I 1 curve associated to [</>f] 1 is ^(s) — 7(||r||i — s) on [0, ||r||i] and we 
trivially obtain the result from the previous proof . 



4.2 Structure of weak submanifold on A'-orbits under local regularity 
conditions 

Now we suppose that X is a set of vector fields on M which satisfies the assumptions (H) = (Hi,Hii,Hiii) 
that is to say previous conditions (Hi) and (Hii) and also the assumption of Proposition l3.61 part 3: 

(Hiii) there exists a finite, countable or eventually uncountable set A of indexes such that T> x 
is isomorphic to M. A and a family {X ai a 6 A} C X x such that {X a , a € A} satisfies the condition 
(LB(s+2)), for some s > 0, and {X a (x), a G A} is a symmetric unconditional basis of V x = R A . 



Proposition 4.2 

1. For all x in M , the X -orbit and the X -orbit passing through x are equal. 

2. The distribution T> is lower trivial on M . 

3. The distribution T> is integrable. Each maximal integral manifold 0/ T> has a natural smooth 
structure of weak connected Banach submanifold, modeled on some K" 4 where A is a finite, 
countable or eventually uncountable set of indexes. Moreover, any maximal integral manifold 
of T> is contained in a X -orbit. 



Theorem 3 

If X satisfies the assumptions (H) at each point of M , then T> is integrable. Moreover, we have 
the following properties: 

(i) Each X- orbit O is the union of the maximal integral manifolds which meet O and such an 
integral manifold is dense in O. 

(ii) Let T> be the closed distribution generated by X. If T> is lower trivial and integrable, then, 
the X -orbit of x is a dense subset in the maximal integral manifold through x. 

(Hi) If T> is a closed distribution then each X -orbit is a maximal integral manifold of T) modeled 
on some R A . 

Remark 4.3 

At any point x £ M where T> is a finite dimensional vector space, T> x is isomorphic to some 1" 
and we can always choose a finite set {X\, ■ ■ ■ X n } C X such that {Xi(x), ■ ■ ■ X n (x)} is a basis 
of T> x . Moreover for finite set {X\, ■ ■ ■ ,X n } we can always find an open neighborhood of x so 
that the condition (LB(s+2)) is satisfied on V by this set. So, in this case, the assumption (H) is 
satisfied at x. So, if T> is finite dimensional, from Theorem^ any X -orbit is a finite dimensional 
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submanifold of M . 



Proof of Theorem [3] 

The integrability of T> is a direct consequence of part 3 of Proposition 14.21 

Moreover, again from part 3 of Proposition l4~2"l wc know that each maximal integral manifold 
N is contained in a A'-orbit O. It remains to show that such an integral manifold is dense in O. 
As the binary relation associated to the <Y-orbit is symmetric, O is the A^-orbit of any point of O. 
So, if L contains x, then, from Proposition 13.41 part 2 and Proposition ^. 11 any y € O must belong 
to the closure of L (in M). 

Now, assume that the closed distribution V generated by X is lower trivial and integrable. 
Denote by O the A'-orbit of x. Choose some y £ O and let ^ 6 Qx be such that ^(x) = y. 
According to Comments 13.31 we can associate to "J/ a finite sequence of points (xk)k=o,--- ,n an d 
a finite family {jk}k=i,--- .n of ^-curves associated to some which joins Xk-i to Xf. and with 
.To = x and x n = y. Let N be the maximal integral manifold of T> through x. As xo — x, according 
to Proposition 14.11 there exists a Z 1 curve 71 in N such that in °li — 7i so ^ibelongs to N. By 
induction we can construct a ^-curve 7^ in N such that in Ik — Ik and then Xk belongs to N . 
So, for k = n we obtain that x n — y belongs to N. In particular, by part 1, each maximal integral 
manifold L of T> which meets O is contained in N. So, as T> is closed, the topology of Banach 
manifold on N is the induced topology as subset of M. So, any maximal integral manifold of T> 
contained in O is dense in O, as subset of N. 

Denote by the closure of O in N. So O is a connected closed subset of N. Consider any y G 0. 
Let L be the maximal integral manifold of T> through y. As L is arc-connected and the inclusion 
of L (with the topology of Banach manifold ) in N is continuous, it follows that L is contained 
in N. Let O' be the A^-orbit of y. From previous arguments, O' is also contained in N. Let (yk) 
be a sequence in O which converges to y. Given any z £ O' let be $ £ Qx such that $(2/) = z. 
Now as each yt belongs to O and O is invariant by any local diffeomorphism of Qx , it follows that 
Zfe = 3?(?/fc), for fc large enough. So z = lim and then z belongs to O. Finally we get O' C O 

k— >QO 

and, in particular, the maximal integral manifold L' of T> through y is contained in O. 
On the other hand, as T y N is the closure in T y M of the normed subspace T y L', there exists a 
neighborhood U of y in i' (for the two topologies on L) such that, the closure of U in N is a closed 
set of with non empty interior. But U C U C (5, so it follows that (9 is open. By connexity 
argument, we get O — N. 

Now if 2? is a closed distribution, obviously we have T> = T> so, the assumptions of property 
are satisfied. So part (iii) is a direct consequence of properties (i) and (ii) . A 

Proof of Proposition\4- £\ 

• Proof of part 1. 

This result comes from Qx = Q x (Proposition 13.41 part 3). 

• Proof of part 2. 

This result is a consequence of Lemma 13.91 part 1 

• Proof of part 3. 

From Proposition 13.61 part 3, for any x G M we have a C s integral manifold through x, with 
s > 1. As I? is a lower trivial weak distribution, consider the set 

= {X(u) = ^ x (u, y) for any lower trivialization ^ x : T> x x V — >■ TM and any x £ M} 

As through x, we have an integral manifold of class C s , s > 1, from the proof of Proposition 2.8 
in jPej . it follows that D is X^ -invariant. So from Theorem 1 of |Pe] we have a smooth integral 
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manifold through x. Moreover, if we consider the following equivalence relation on M: 

xlZy iff there exists an integral manifold of T> passing through x and y 

then each equivalence class L has a natural structure of weak Banach submanifold modeled on 
T> x for any x G L and L is an integral manifold of T>. Take such an equivalence class L and 
denote by ii, the natural inclusion of il of L (endowed with its Banach structure) into M. From 
Proposition [321 part 3, for any i£i, there exists an open ball B(0 7 p x ) C M. A = T> x and a C s map 
& x : B(0,p x ) — s> M which is a C s integral manifold of T> through x and such that <d x (B(0, p x )) 
is an open set of L. So, P x = <d x (B(0, p x )) has an induced structure of smooth Banach manifold 
modeled on V x (isomorphic to M. A for some appropriate set of indexes A). In particular, the 
natural inclusion i x : P x — > M is a smooth integral manifold of D through x. Now take some 
x G L. For any y £ L we have a continuous curve 7 : [a, b] C M — >• £ such that 7(a) = x 
and 7(6) = y. By compactness of 7([a, 6]) we have a finite covering of j([a, b}) by a family of 
open sets {Q Xi (B(0, p Xi )} i= i^... such that G j([a,b]), xi = x and x„ = y. Now choose any 
2/i £ ©Ki(-B(0, AcJ) n Ki+1 (i?(O, p Xi+1 )) n 7([a, 6]) for i = 1, • • • , n — 1. From the construction of 
each 6a;, there exists $i G Gx (resp. $■ G C/^r) such that &i(xi) = yi (resp. Q'^Xi+i) = j/j). So the 
composition: 

$ = $1 o o . . . o o [^' n _ 1 }- 1 (16) 

is an element of Gx such that $(x) = y. It follows that L is contained in the .Y-orbit of x. 

A 



4.3 Structure of weak submanifold on Af-orbits under involutivity con- 
ditions 

A weak distribution A is called (locally) upper trivial (upper trivial for short) if, for each x G M, 
there exists an open neighborhood V of x, a Banach space F and a smooth map $ : F x V — » TM 
(called upper trivialization) such that : 

(i) for each y G V, <J> y = $( , y) : F — >• T a Af is a continuous operator with $ y (F) = A y ; 

(ii) ker $ x complemented in F; 

(iii) if F = ker$ x © 5, the restriction 8 y of to S is injective for any y G V; 

(iv) 9 (it, y) = (#j, o [0 T ] _1 (u), y) is a lower trivialization of £>. 

In this case the map G is called the associated lower trivialization. 

In this case, each lower section X v — Q(v, ) with v G A x can be written as X v = G($(w', x), ) 
for any v' G F such that $(«', x) = v G A x . 

An upper trivial weak distribution A is called Lie bracket invariant if, for any x G M, 
there exists an upper trivialization $:Fxl^-> TAf such that, for any u G F , there exists e > 0, 
and, for all < r < e there exists a smooth field of operators C : [— r, t] — > L(F,F) with the 
following property 

[X u , Z v ](j(t)) = $(C(t)[w],7(t)) for any Z„ = $(«, ) and any v E F (17) 

along the integral curve t H> <pf u {x) on [— t, r] of the lower section X„ = G($(u,x), ) . 
With these definitions we have: 

Theorem 4.4 

Lei A be an upper trivial weak distribution. Then A is integrable if and only if A is Lie bracket 
invariant. 
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We now come back to our original context. Consider any set y of local vector fields which 
contains X and which satisfies properties (Hi) and (Hii) . We have seen that if A is any ordered set 
of indexes of same cardinal as the set 

y x = {Y G y such that x G Dom(y)} 

then we have a surjective linear map: T : I 1 {A) — > l 1 {y) x . 

Let A be the weak distribution V~(y) and index the set y x as set {Y\,A G A}. Assume that A 
has the following properties labelled (H'): 

(H'l) for any x G M there exists an upper trivialization $ : I 1 (A) xV ^ TM such that $(e\) = Y\ 
for each A G A where {e\}\ & \ is the canonical basis of Z 1 (A); 

(H'2) for any x G M there exists a neighborhood V of x such that V C r\\ & A^>om(Y\), and a 
constant C > such that we have 

[Yx,Y,}(y) = ]T C v Xlx {y)Y v {y) for any A, /x G A (18) 
where each is a smooth function on V, for any A,^ceA and we have 

Ei^0/)i<c 

for any y G V. 
Theorem 4 

1. Under the previous assumptions (H'), the distribution A is integrable. 

2. //A is an integrable distribution which satisfies assumption (H'l), then V x is contained in 
A x for any x G M. Moreover if A is closed then each X-orbit is contained in a maximal 
integral manifold of A . 

To the set X we can associate the sequence of families 

X = X 1 G X 2 =XU{[X,Y], X,Y G X} C ••• C X k = X^UHX^], X G X,Y G # fe_1 } C ••• 

The set X k always satisfies the condition (Hi). Moreover, if it satisfies condition (Hii), the distri- 
bution V k = l 1 (X k ) is well defined. 

By application of the previous result to A = T> or A = V k we get: 
Theorem 5 

1. If the distribution V satisfies the assumptions (H'), then V is integrable and we have the 
following properties: 

(i) Each X-orbit O is the union of the maximal integral manifolds which meet O and such 
an integral manifold is dense in O. 

(ii) Assume that the closed distribution V generated by X is lower trivial and integrable. 
Then the X-orbit of x is a dense subset in the maximal integral manifold through x. 

(Hi) If V is a closed distribution then each X-orbit is a maximal integral manifold of V 
modeled on some R A . 

2. If X satisfies (LBs), and if T) k satisfies assumptions (H ! ) for some k < s, then we have 
T> k = T> and V k is integrable. Moreover, V k satisfies all the previous properties (i), (ii) and 
(Hi). 
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Example 4.5 

As in Examvle \2.5\ (3), consider a finite family X = {X\, ■ ■ ■ ,X n } of global vector fields on M. 
We have seen that the condition (LBs) is satisfied for any s > 0. Then each set X k is finite and 
then, it is clear that each distribution T) k is upper trivial: 

if rife is the cardinal of X k , we can order X k in a sequence {Zi, ■ ■ ■ Z rik } and on each open 
set V according to the identification TM = V x T X M we can consider the upper trivialization 
$ : V x ->■ TM defined by: 

$>(y, (ij., ■ ■ ■ ,t nk )) — tjZj(y); in fact it is an upper trivialization. 
i=i 

Suppose that the condition (H'2) for X k is satisfied, then from Theorem^ the closed distri- 
bution T> k is integrable, and each maximal integral is a Banach submanifold of M which is also a 
X-orbit. 

The reader can find such a context in \Rof where M is the set (denoted "Conf ") of "configu- 
rations" of the snake (which is a Banach manifold), X is the set of global vector fields {£].,• •• , £d} 
on Conf (in notations 'Rol). Then X 1 satisfies the condition (H'2). Each X-orbit is nothing but 
an orbit of the action Mob on Conf (see |Ro] ) . From Theorem [5] we directly obtain that each orbit 
is a closed (finite dimensional) submanifold of Conf. 

In |PS] , the reader can find a generalization of the results of |Ro] in the context of Hilbert 
space and get an application of the previous result for a countable set X of global vector fields on 
a Banach manifold. 

Proof Theorem^ 
• Proof of part 1 

According to Theorem l4.4[ it is sufficient to show that A is Lie bracket invariant. So fix some 
x £ M and consider an upper trivialization $ : I 1 (A) x V — > TM as in the previous assumption. 
As ker$2; is complemented, we have / 1 (A) = ker^ © S. So there exists a family {e a } a& A (resp. 
{e^j^gs) of ^(A) which is a normalized symmetric unconditional basis of S (resp. ker^) (see 
Remark 13. 5p . Now, the canonical unconditional basis {e\}\£\ has a (unique) decomposition: 

ex = 52 f Up (19) 

a£A /3eB 

such that 52 i/a I < 1 and 52 I/'aI ^ 1 for an y A e A - 

a£A fieB 

Any lower section can be written as X u = Q(u, .) for some u = (u\) £ ^(A). Such a section 
can be written 

X u = 52 u x Yx 

AgA 

On the other hand consider a neighborhood V of x in which (H'2) is true and the neighborhood 
VnV (again denoted by V). As previously fix some lower section X u = $(it, .) and consider e > 
such that the integral curve j(t) = <j)f u (x) is defined on ] — e, e[ in V. According to (H'2), for any 
< |t| < e, we define C : [— r, r] L(l 1 (A), I 1 (A)) in the following way: 

C{t)[v}= 52 C^t^uxv^ 

where v = (w M ) £ ^(A). So from assumption (H'2), we have : 

||C(t)M||<C 52 \ux\\v ll \<C[52\ux\][52\v ll \] = C\\u\\ 1 \\v\\ 1 

\,^eA aga ^iga 

then C(t) is a field of continuous endomorphisms of I 1 (A). 
On the other hand, for any v = (v^) £ I 1 (A), we have 

Z v = .) = 52 

neA 
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So we get [X„,Z v ](j(t)) = $(C(fM 7 (f)) 
From Theorem 14.41 it follows that A is integrable. 

• Proof of part 2 

Now suppose that A is integrable. Fix some x £ M and let / = ijf : N — > M be a maximal 
integral manifold through x. We want to show that ^ is contained in A x . It is sufficient to 
prove that for any Y £ X x , Y(x) belongs to A x . For such a vector field there exist vector fields 
Xi , ■ ■ ■ X p ,X £ X and v > such that 

Y = (t?; o-.-o^UvX) 

X X 1 X 

Let z = (4>t p P ' ' " ^t/) ( x ) be. Consider the integral curve 71 of X\ through z: 71 (i) = </> t 1 (2) 
for t £ [0, fi]. As X C from Proposition 14. 1[ we have a curve 71 : [0,fi] —> N such that 
/ 7i = 7i j and for any s £ [0,fi], a neighborhood V s of 71 (s) in AT, and a vector field Y" s on V s 
such that /*Y S = X\. In particular we also have 

/ o (71 (s)) = (j)* 1 (7i(s)) for any r small enough (20) 

Moreover, we can find X on the neighborhood Vq of z such that /* (X) = vX, after having restricted 
Vq if necessary. By compactness, we can cover 7i([0,fi]) by a finite number V so , ■ ■ ■ V Sm - On V So 

we have Tg\<j> t 3 °](X((z)) which belongs to T^mN = Dy 1 (t) for any f so that 71(f) belongs to V So . 
From properties of Y So and 71 , it follows that 

[{^UvX)]^)) belongs to A 7(t) . (21) 
Choose (7 1 such that 71 (ci) belongs to V Sx . So we have (|2"Tj) for f = <j\. By applying the same 

Y ~ ~ ~ 

argument to Tj[0 cr ° o ](X((z)) by choosing cr 2 such that 71(0-2) belongs to V Sl H Vs 2 , we obtain (|2"T1) 
for t — (72- Finally, by induction we get (|21[) for t = t%. Then by same argument applied to 
[(4>?' 1 )*(X)]('y(ti)) instead of (uX)(x) and along the curve 72 (fi + f) = (j)f 2 (71 (fi)) we obtain that 

« 2 ° belongs to A 7(t2) 

Again by induction, on i = 2,- • • ,p, we finally obtain that Y(x) = {4> tp p o • • • o 4i 1 )*(i/X(2;)) 
belongs to A x . 

Now we assume that A is a closed integrable manifold. Take x £ M and again let be 
/ = in ■ N — > M the maximal integral manifold trough x. We want to show that for any ^> £ Qx, 
the point y = &(x) belongs to f(N). From the previous proof we also have obtained that if "J is a 
finite composition (</>j^ p o • • • o (f)* 1 ), then y belongs to A~ . So, from ((7]), for Y £ X and any r £ K, 
4>*{x) belongs to f(N) (even when A is not closed). 

Suppose that "J is reduced to some (/if., with £ = {Y5, <5 £ D} C A? and r € IR 15 
Let 7 : [0, ||t||i] ->Mbe the curve 7(f) = $f (t,x) where <&f (f, .) is the flow associated to £, r and 
it = r r (see Remark 12.71 1.) From Proposition ^. 11 part 2 there exists a ^-curve 7 : [0, ||t||i] — > N 
such that 

/o 7 = 7 on [0,||r||i] (22) 

As 0f(x) = $f (||r||i,x), we obtain that y = (/>f (x) belongs to f(N). 

For the case ^ = [(/if] -1 , set again y = [</>f ] _1 (x) and let 7 : [0, T] — >• M be the / 1 -curve asso- 
ciated to </>f and we use the previous notations. Then the I 1 curve associated to ^ is j(s) = j(T — s) 
which satisfies 7(0) = x and 7(||t||i) and 7(||t||i) = y = 7(0). From ([22]) . we obtain that x belongs 
to the maximal integral manifold through y which, by maximality, is N. 
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In the general case we have \& = fa o • • • o fa where each fa is a local diffeomorphism of type 
fa* or fa* or [t/)^]" 1 for k = 1 • • • n and all these vector fields belong to X. So, by finite induction 
on k, using the previous partial results, we get the proof of part 2 in the general case. A 

Proof Theorem^ 

• Proof of part 1 

By application of Theorem 21 part 1 to T>, it follows that V is integrable. We must show that each 
maximal integral manifold which meets a A'-orbit O is contained in O. 

Fix some maximal integral manifold i/v : N — » M of T>. Fix some x £ N and consider 
an upper trivialization $ : M A x V — > TM as in assumption (H'l). From this assumption, after 
restricting V if necessary, the set £ = X x satisfies the condition (LBs) at any point of V and for 
any s£N (see Example 12.51 2). On the other hand, according to Lemma 2.10 in |Pej . we have a 
neighborhood V of x, for the Banach structure of N, so that we have a smooth field of continuous 
operators y — > $ y from R A to T y N such that = Ti^ o $ a on V'. From Proposition 14.11 for 

each A £ A we have a smooth vector field on Y\ such that 

Y x = (i N )*Y x on V (23) 

Note that, according to the notation used in the proof of Theorem H] part 1, in fact we have 
Y\(y) = $ y (e\). So, as previously, after restriction of V if necessary, the set £ = {Y\, X £ A} 
satisfies the condition (LB(s+2)) for any s £ N. Applying Theoren{5] to £ we get a map ^ x : 
5(0, r) C M" 4 — >■ L of class C s . By the same argument applied to £ = {Fa, A £ A} on M, we get 
a map $ x : B(0, r') -> M which is of class C s . Using (123)) we have ^ x = i N o $ x on some B(0, p) 
with /; small enough. The linear map Tq$ x is surjective and its kernel is ker^. So, for p small 
enough, ^> x is a submersion and in particular, P(x,p) = $> X (B(0, p)) is an open set in N (with it 
Banach structure). If we set P(x,p) = ^ x (B(o 7 p)) by definition of a A^-orbit, the set P(x,p) is 
contained in O. But, by construction we have P{x,p) — i^{P{x, p)) and then we have an open 
neighborhood P(x,p) of x (for the Banach structure of N) such that in{P(x, p)) C O. As we can 
cover N by such open subsets and O is the Af-orbit of any y £ O, we get N C O. For the density 
of N in 0, we use the same arguments as in the proof of Theorem |3l The properties (ii) and (iii) 
have same proofs as in Theorem [3J 

• Proof of part 2 

From Theorem 0] applied to A = V k we obtain that T> k is integrable and, for any x £ M each V k 
contains V x . According to part 1 of Theorem [SJ it remains to show that V x contains T> k for any 
x £ M. 

Given x £ M, we can suppose that the upper trivialization $ : V k x V — > TM on a neighborhood 
V of x is such that TM\ V = E x V . Take any X £ X and Y £ X so that x belongs to the domain 
of X and of Y. For < t < e small enough so that the flow 4>f is defined on some neighborhood 

U C V of x, we consider the curve t —> — {([fa? ]*Y) X — Y x } in E. As T> is A'-invariant, the previous 

curve belongs to T> x , as Banach space. But we have: 

[X,Y] x ^\\m- t {{[^Y) x -Y x } 

As V k satisfies the assumption (H'), the structure of Banach space for T> k is isomorphic to 
some R A . So D k has the Schur Property. By using an argument of weak convergency and Schur's 
property, [X, Y) x belongs to T> x . Now by induction, applying this result for Y £ X k ~ 1 , we obtain 
the inclusion V k C V x for any x £ M . A 
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5 Applications 



5.1 Criteria of integrability for ^-distribution 

In this subsection we will give a criterion of integrability for ^-distributions generated by sets X 
of vector fields on M which satisfies the assumption (H). We have the following result: 

Theorem 6 

1. Let D be a ^-distribution generated by a set of (local) vector fields X on a Banach manifold 
M which satisfies the assumptions (H). Then T> is lower trivial. Moreover, T> is integrable if 
and only if T> is X -invariant. 

2. Let D be a lower trivial I 1 -distribution on a Banach manifold M . Then there exists generating 
sets X of T> which satisfies assumption (Hi), (Hii) and (Hiii) . Given any such generating 
set X ofT>, then T> is integrable if and only ifT> is X -invariant. 

Remark 5.1 

As any ^-distribution T> is a weak distribution, from Theorem 1 of \Pef . when T> is lower trivial, 
it is integrable if and only if it is X^ -invariant (X^ in the set of lower sections of T) see \Pef ). 
So, for lower trivial ^-distribution, the Theorem 4 gives a necessary and sufficient condition of 
integrability for any generating set ofT) satisfying (Hi), (Hii) and (Hiii). Note that, ifT) is finitely 
generated at each point, these conditions are automatically satisfied. We then get a generalization 
of the famous criterion of integrability of Nagano-Sussmann in this context of Banach manifold 
for finite dimensional distribution. In this sense, Theorem 4 can be considered as a generalization 
of this Nagano-Sussmann's result in infinite dimension. 

In the Example l2.5l 1. if the set {T(x a )} a ^A is a family of linearly independent vectors, the condi- 
tions of Theorem 4 are satisfied. Of course, this result can be proved directly in an obvious way. 
Each leaf is the affine space in E associated to the I 1 normed space generated by Xq. On the other 
hand in the Example 12.51 2. even in analogue conditions, the characteristic distribution of X is not 
invariant. Such a sufficient conditions will be carried by ^ (see Theorem 4 in |PeJ ) . 

Proof of Theorem [3| 

Part 1 

From Proposition ^. 61 we have V = V if and only if V is ^-invariant. On the other hand, X satisfies 
the assumption (H) (of subsection 2]) . By application of Theorem 3, we obtain the first part. 

Part 2 

Fix some x e M. From the property of lower triviality, there exists an open neighborhood V of x 
in M, a smooth map * : V x x V ->■ TM such that : 

(i) ^(D x x {y}) C V y for each y G V 

(ii) for each y G V, = ^( , y) : T> x — * T y M is a continuous operator and ^ x : T) x — > T X M is 
the natural inclusion i x 

(iii) there exists a continuous operator ^ y : T> x —> T> y such that i y o^ y = ^& y is an isomorphism 
from T) x onto ^f y (T> x ) and ^ x is the identity of T> x . 

As T> x is isomorphic to some WL A consider any unconditional symmetric basis {e a } a ^A of R" 4 
and set X a (y) = ^>(e a ,y) for any y e V. We set X x = {X a , a E A} and after a choice of such 
a set X x for any x £ M, let be X — U xe MX x . By construction X satisfies (Hi) and (Hiii) but 
without (LB(s+2)). Given x G M, with the previous notations, we have ||e Q ||i = 1 and as y i-)- ^ y 
is a smooth field of continuous operators from R" 4 to T X M = E, we get the property (Hii) at x 
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after restriction of V if necessary and also (LB(s+2)) at x for (Hiii). 

Now given any generating set of T> which satisfies assumption (H), by application of part 1, 
we get the result. 

A 



5.2 Attainable set in infinite dimensional control theory for a family of 
vector fields 

Let X be a, family of local vector fields which satisfies condition (Hi) and (Hii) on a Banach manifold 
M. In our context a controlled trajectory of the controlled system associated to A 7 is a curve 
7 : / — > M which is the integral curve of some vector field 

p 

Z(x,t,u) = ^u k (t)Z k (x) (24) 
fc=i 

associated to a family £ = {Z k }k=i,--- ,p C X which satisfied the assumptions of Theorem 1 and 
where u = (u k ) is a family of bounded curves of class L 1 on some interval of R (see Theorem 1). In 
these conditions, u is called the control associated to 7. An admissible trajectory is a curve 
7 : [a, b] — > M such that there exists a finite partition a = to < ■ ■ ■ < t n such that 7 : [ti, t%+i] ~* M 
is a controlled trajectory of the controlled system associated to X for i = 0, • • • n — 1. 

This context can be found in many papers (see for example: |CHj . [GXB] . [XLGj . [BH , 
BP , |BB~F], [Roj ) . On the other hand, it is easy to see that any <Y-smooth piecewise curve is an 
admissible trajectory (see subsection 2.1). 

According to the classic context in control theory for a family X of vector fields on M, the 
exact attainable set A(x) of a point x G M is the set of points y such there exists an admissible 
trajectory 7 : [0, T] — > M such that each 7(0) = x and j(T) — y. On the other end, the approxi- 
mate attainable set of x G M is the closure A(x) in M. 

Remark 5.2 

According to Proposition \3.4\ if "D is integrable, for any £ as in \2J$ , on each maximal integral 
manifold N which meets V = Hfe = x,... , p Dom(Zk), there exist vector fields Zk, such that {Im)*Zu = 
Zk ■ So if we set 

p 

Z(x, t, u) = u k (t)Z k (x) 
fe=l 

then we have (ijv)*^(i, u, .) = Z(t,u,.) and then we obtain that each controlled trajectory with 
origin in L is contained in L. In this case, if 0{x) is the X -orbit of x, we have the inclusions: 

A{x) C 0(x) C A(x) 

In finite dimension, we have A(x) — 0{x) and it is well known (from |Su| ) that A{x) is an 
immersed submanifold of M for any x 6 M. 

In our context, a corresponding result is given by the following Theorem: 

Theorem 7 

Assume that the set X (resp. the characteristic distribution T> — ^(X)) satisfies the conditions 
(H) (see subsection \4- 2$ (resp . (H') (see subsection \4-Sfy ) at any point x G M. ThenT) is integrable. 
The exact attainable set A{x) of any x 6 M is dense in the maximal integral manifold L(x) of T> 
through x and the approximate attainable set A(x) is the closure of L{x) in M and also the closure 
of the X -orbit of x. Moreover if the distribution V is closed A(x) is a weak submanifold of M for 
any x G M. 
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The reader will find an illustration of this theorem in |Ro) or in |PSj (see also Example I4.5|) . 
Note that, if T> is finite dimensional, from Remark 14.31 the assumptions of Theorem [7] are always 
satisfied and the distribution V is closed. In this case the attainable set is exactly a A"-orbit. So 
in particular, when M is finite dimensional we obtain Sussmann's result. 

In finite dimension, to the distribution T> we can associate a chain of distributions 

V 1 = V C • • • C V k C • • • (25) 

where , for k > 2 , V k is generated by the set X k of local vector fields of type [X\ , [• • • [Xk-i , Xk] • • • } 
where X\, ■ ■ • , Xk belongs to X. The famous Theorem of Chow-Rashevsky asserts that if , for any 
x £ M, there exists k such that V k = T X M then M is the attainable set of any point x £ M. 

Classically, X is called approximatively controllable (resp. exactly controllable) if 

A{x) = M (resp. A(x) = M) for any x £ M. In order to to give an analogue of Theorem of Chow- 
Rashevsky we have already associated to V, a chain of distributions as in (|2"5)l (see subsection 14. 3[) . 
As we have seen, if X satisfies condition (Hii) for some s £ N, then the set X k also satisfies (Hii) 
for s' = s — k and then, the ^-characteristic distribution V k = l 1 (X k ) is well defined. So we have 
the following version of Theorem of Chow-Rashevsky : 

Theorem 8 

Assume that the set X (resp. the characteristic distribution T> = ^(X ) satisfies the conditions (H) 
(see subsection \4-- 2\ ) (resp. (H') (see subsection \4-.3\ ) at any point x £ M. Moreover, we suppose that 
for any x £ M, there exists k such that T> k is defined, and is dense in T X M (resp. T> k = T X M). 
Then M is approximatively controllable (resp. exactly controllable). 

In the previous Theorem, note that, according to the assumption we can have controllability 
only if the Banach manifold M is modeled on some I 1 (A) where A is a countable or uncountable set. 

We say that a distribution 2? on M is finite co-dimensional if for each x, the normed space 
T> x is finite co-dimensional in T X M . In this case V x must be closed. In particular, finite co- 
dimensional I 1 distribution on M again imposes that M is modeled on I 1 (A) where A is a countable 
or uncountable set. In this case we have: 

Corollary 5.3 

Let M be a Banach manifold modeled on some ^(B). Consider any set of vector fields X on 
M, which satisfies the conditions (H). If the characteristic distribution T> is finite co- dimensional, 
then M is foliated by weak Banach submanifolds of M and each leaf is an X -orbit. Moreover, each 
attainable set is dense in such a leaf. 

Proof of Theorem p7| 

By application of Theorem [3] or Theorem [5l we get the integrability of T>. On one hand, for any 
x £ M, if y belongs to A(x) as in (|2"4")l , the set £ is finite, it follows from Proposition 14.11 that each 
integral curve of such a Z is tangent to the leaf L through x. On the other hand, from Proposition 
13.41 if y belongs to L, then y is adherent to A{x). According to Remark 15.21 we have 

A(x) c L[x) c O(x) c A(x) 

So, we get L(x) = 6{x) = A{x). 

The last part is also a consequence of Theorem [3] or Theorem 

A 

Proof of Theorem^ 

From Theorem [7] we know that V is integrable and, as Banach space is isomorphic to some M. A . So 
by the same arguments as the ones used in the proof of Theorem [S] part 2, we have T> k C T> x . It 
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follows that V x is dense in T X M or equal to T X M. The result is then a consequence of properties 
(ii) or (iii) respectively of Theorem [4] or Theorem [5] 

A 

Proof of Corollary 1 5. 3\ 

It is sufficient to prove that X satisfies the condition (H) at each point x £ M . Given any x £ M, 
from our assumption we know that X satisfies the condition (H) at x. Take an unconditional 
symmetric basis {X a (x)} a& A such that {X a } ae A C X x and satisfies the condition (LB(s+2)) for 
s > 0. As X x contains X x and as T> x is finite co-dimensional, we can choose in T> x a finite num- 
ber Y\, ■ ■ ■ Y p such that {X a (x)} a£ A U {Yi(x), • • • Y p (x)} is an unconditional symmetric basis and 
{X a } ae A U {Yi, • • - Y p } satisfies the condition (LB(s+2)) for s > 0. We then apply Theorem [71 
The last part can be shown as in the finite dimensional case (see |Suj ) A 



6 Proof of Theorem [2] 

In this last section, we will use Theorem [1] to give a proof of Theorem [5] 

Recall that £ = {X a , a £ A} is a family of vector fields defined on an open neighborhood V of 
xq £ E and satisfies the condition (LB(s+2)) at Xo and with the relation (Q} true for all x £ V. 

6.1 Maps T T and f T 

In this subsection we fix t = (r a ) ae A £ ^- A - Let B be any countable subset of A which contains 
all the indexes a £ A such that r Q ^ 0. The set B can be written as a sequence i £ N} C A. 
For the sake of simplicity, we then denote by t% instead of r ( g i the corresponding term of {r a ) a £A- 
With these notations we define the sequence (rj")jgs in the following way 

for i = l 

. if ri = then Y\{s) 

. if ri ^ then T\(s) 

for i > 1 
. If n = then r[(s) 



If n ^ then T[(s) 



Now, for all a g B we set T T a (s) = for all s £ R. 

Finally, we define the families r T (s) and r T (s) in the following way by: 

r T _(s) = (T T a (s)) aeA and f- = (tl(s)) aeA = (T;(||r||i - 
From this construction, it follows that: 

Vs G R, (r;(s)) Qej4 G R A and (f^(s)) ae ^ G R A 

Now we consider the maps r T and r T defined in the following way: 

T T : R — > R A 

s _^ r -( s ) = (r-( s )) QeA 



if s£ [o,\ n \[ 

othewise 



= 



i-l 

J'=l J'=l 



otherwise 
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f T : K 
s 



R A 

r T (s) = (f;(s)) Q6 A 



Lemma 6.1 

T r et f r belongs to L£(R). 

6.2 Proof of the first part of Theorem [2] 

In this section x 6 V and r = (t q ) qSj 4 S R are fixed. We consider any element a = (a a ) a ^A of 
R A . We choose a countable subset B of A such that £? contains all the indexes a G A such that 
t Q ^ and also all indexes (3 d A such that er^ ^ 0. Again the ordered set B can be written as 
B = {fa, i G N} and we then denote by (n)p ie B (resp. (ci^es) the corresponding subsequence 
or r (resp. a) and also we denote simply by X, the vector field Xp t of £ for all $ e £?. 

With these notations, for any n 6 N and any a € R" 4 , we set <r n = (<7i, • • • a n ) S R™ and R™ is then 
considered as a subset of R B C M. A 

C(r")^f;o...o^o^(i) (26) 
^(r")=^o...o^»( a; ) 

Lemma 6.2 

r 

J4^i£/i i/ie previous notations, for each n E N, the map ip* is differ entiable on 1" n B(0, —), and its 
differential is given by: 

D^„f r „ ) (cT«) = 

n 
p=l 

Moreover, we have: 

/or all x E V and any n £ B 

The proof of this Lemma is an elementary calculus by induction. For more details see |La) 
chapter 5. 

Afterwards, we will simply note, for any fixed x G V: 

n 

Di> n{Tn) {a n ) = D(f)f™ 0...0 Opity* o . . . o D^ p (X p (^(r p )))]. 

We now define the following map: 

AC(t")=^o...oD^(^) (27) 
%) = D^o...oD^( I ). 

For these maps in the same way, we obtain 

Lemma 6.3 

" x r 
For any fixed x £ V , for each n G N the maps Aip^ et A^ n are differentiate on 1" PI -B(0, — ). 
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Now we are in situation to prove part 1 of Theorem 



Let xq S V and r > be such that Bf(xo,2r) C V and fix r = (r Q ) Qey i g R A such that 
r G -B(0, f ) C K' 4 . We fix some countable subset B <Z A which contains the set of indexes a such 
that r a ^ 0. As before the ordered set B can be written B = {ft, ieN} and each with Pi ^ B 
will be denoted r,. With these notations, we set 

t = En = Ei t «ihmii. 

• Now we use TheorerrQ] with the following adaptations: / = R , u = T T , to = Q, S a real 
number large enough and Tq = T. 

From LemmaOwe have T T e with W^W^ = 1. As T < j, if we set J = [-T,T] 

and f/o — Bq = B(xq, r — kT), we get a flow $r T , defined on Jo x Uq. In particular, from TheorernT] 
the map <j)\ = $r T (T, ) is a C s diffeomorphism, and moreover, by construction, we get 

= lim ^ o ... o <£Ux) = lim ^(r n ) 

The same argument can be used to obtain the result concerning 

• Now we prove that the inverse map of </>f is </>f . 

||#(#(a0) < WtfMW) - 4 Ux \r n )\\ + ui Hx \r n ) - x\\ 

< \\4(4>i(x)) - ^ (a V)|| + ut Ax \r n ) - ^5 ( - rn) (r»)|| 

At first, we have 

lim \\4(^(x))-^ (x \r n )\\=0 



n—^oo 



So, it remains to show that the second term in the previous ma j oration converges to when n —> oo. 
The map x i — > - 0^( T ™) is of class C 1 and its differential at x is noting but A>P n (T™). So we have 



So we obtain 
Finally, we get 



||A*£(t*)|| < e kT 
U$ (x \r n ) - ^5 ( - T ' l) (r")|| < e kT {4>i(x) - C(-r«)) 



lim ||^ ?(S) (T")-^ C - Tn) (r")||=0 

n— yoo 



which ends the proof of part 1 of Theorem [T] 

6.3 Proof of the second part of Theorem^] 

For any fixed x £ Uq, we introduce the following notations: 

r B (r) = lim r n {r n ) = <t>\{x) (28) 

n—>oc 

A^(r) = lim AV£(r n ) = D 2 $ r r(T,x) 

n—too 

As a consequence of Lemma [62] and Lemma [631 we get: 
Lemma 6.4 

are rnntinnmifi rn.n/ns nn. TRJ-^ H F?ff) 



■0s a«rf Aipg are continuous maps on R D -B(0, — ) 



For each a ^ B we can remark that t Q = and so </>^ Q = Jc? and Difif™ — Id . So the previous 
limits (1281) can be seen as an uncountable composition of maps of type (4> a )aeA, evaluated at x, 
where only a countable subset of them are not equal to the identity. 
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Notations 6.5 

Given any a <E A we set r a — (t a >) with a' € A, a' < a. 
On the other hand for any a G A we consider the set 

B a = {Pi such that < a} 

Considering the family of local diffeomorphisms associated to the family £ of vector fields we 
denote by: 

V*(t") ifB a = {p 1> ---,M 

i>l ifB a = B 

A^(r") ifB a = {j3 1 ---0 n } 

ifB a = B 
A^(r") ifB a ={/?!■ ••/?„} 

Ai>% ifB a = B 
V{r) = ^|(r) = 4 and Ayj x (r) = A^|(r) = D 2 <P F r(T,x) = D^f(x). 

Given any a = {p a )a^A G R , by taking for B any countable set which contains the (count- 
able) sets {a such that r a ^ 0} and {a such that a a ^ 0}, from Lemma RPl and Notations 16.51 we 
get 

Lemma 6.6 

r 

The map ip x o,nd Aip x are continuous on B(0, — ). 
Now we can prove part 2 of Theorem [H 

We begin by proving that ip x is a C 1 map. We will use the following result of [D] . page 426: 
Proposition 6.7 

Let X et Y be two Banach spaces, U d X an open set and D a dense vector subspace of X . 
Consider a continuous map f : U — > Y such that, for all (x,v) G U x X, i/ie derivative f at 
x in the direction v denoted by d v f(x) exists. Moreover, assume that there exists a continuous 
map L : U — >• L{X,Y) such that, for any (x,v) E Uf]D x D, we have d v f(x) — L(x)(v). Then 
feC\U,Y) andDf = L 

We apply this result to the sets: 

X=R A , U = B(0,y) and Y = E; 
k 

D = span{e a , a E A} where e a = (S^p^A, where = 1 if a = /3 and 5^ = for a =/= (3 

(in fact, {e a , a d A} is the canonical basis of M. A ) 

the map / is the map ip x on B(0, — ) C M A 

k 

L is defined in the following way: 
for a = (o- a ) aeA E B(0, ^Cl': L(r)(<r) = A^(r)[^ a Q A^(-T a )[X Q (V>a(T«)))]. 

• It is clear that D is a dense set in R" 4 . 

• The continuity of tp x follows from Lemma 16.61 

• Now wc prove that Vr G B(0, y) n D, Ver E D, d T ip x (a) = A{t)(cj) 

k 

r 

Let be (r, <r) e B(0, -) n D x D. So we have 
k 

r 

t = (T Qi )i=i,-, P , with ||r||i < - 
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T 

a = ( <T ft)i=i- ,q witn Iklh < r 

The family {(e^)^^... lP , (e / g, ) i j=i... , g } can be put in an ordered family {e at }i=\... n with 
n < inf(p, q). So we can consider that r and ct belong to span{e ai , • • • , e Qri }. For simplicity we 
denote by Tj (resp. CTi) the component of r, (resp. <r) on e ai and Xj instead of X ai , for i = 1, • • • , n. 
Now, for any Agl and A ^ 0, we have: 

1? (r + \a) - i/j x (r ) = $J (r™ + An" ) - V„ (r n ) 

n 

p=i 

...o])^(I p (^)))]+ (Aa-) 

so: 

d T ^(a) = lim — — = L{r)(a) 

A->o A 

• the continuity of r —> L(r) : 
Now we consider the following map: 
K: B{0,p) — > £(© x ) 

T I > K{T) 

defined by ft(r)(]T <7 a JT a (x)) - £ , A^((-t)«)[X,(C(t ))] 
Note that from Lemma 15721 we have 



\n{T){Y,<rMx))\\<ke k ^\\°\\i 



So TZ(t) is a continuous linear map. On the other hand, we can write 



L(t)(<t) = A^ s (t) oft(r)(£ a Q X Q (a;)) (29) 

The proof of the following Lemma can be found in |La) chapter 5: 
Lemma 6.8 

The map r i-> 7£(t) is continuous on £?(0, £). 

From this lemma and Lemma 16.61 it follows that r i— > L(t) is continuous. 

y 

So we obtain that ip is C 1 on 5(0, — ). 

k 

To prove that ip is of class C s for s > 2, as classically we use the fact that: 

(*r- (t, x), D 2 d> r . (T, x), ■ ■ • , DZ$tt (T, z)) 

is the flow of an adapted vector field Z s on an open set of the Banach space E x C(E, E) x • • • x 
C S (E,E) and proceed by induction. 
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